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Probability Distributions- discrete random

variables, expectations calculations Leave
blank

1. The discrete random variable X takes the values =1, 2, 3, 4 and 7 only.

Given that
8—x
PX=x) = p forx ==1,2,3,4and 7
find the value of E(X)
()
(o) a iS one that only takes

a certain number of specific values ~in the questiou,
theg're given as -/,7,% " and 7 and P( =) represents the

likelihood. of @ach octurning
L subbing into the given expression :

~fof =

P =)

Nl -

-fof = "
Pl =)= 8-

-fof =

)
=" )= 8=
k

=35k

-fof = )
Pz )= 8-
k
...{or - ,t q,k
Pz )= 8-
k
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DONOTWRITEIN THIS:AREA DO NOTWRITE IN-THIS AREA
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Question 1 continued

henee putting it all in @ table:

P() q_hf % 5“( LLHC '/k

and using the fact that the probabilities in a table sum to 4:
formula: 2?( - )=|

Uit oStk =]

collect like terms
?_!2- =
=k =25/

and. ue're given in the formula booklet that:
formula: g(X)= 2 I.P( s ;)
sub tinto the above:
= =1 () + 206 /i) + 3 (S /) + ) +2110)
expand the above

= "HIK
subin = 2% |
= ¥fas)|

Q1
(Total 5 marks) 7

Leave )
blank

J
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Probability - probability tree, independent

events, conditional probability

In a school canteen, students can choose from a main course of meat (M), fish (F') or
vegetarian (V). They can then choose a drink of either water (/) or juice (J).

The «partially completed tree diagram, where p and ¢ are probabilities, shows the
probabilities of these choices for a randomly selected student.

Main course Drink
P Water
o400 -~ fuice
035 q Water
Fish
Juice
............... 0.40 Water
Vegetarian <
Juice

(a) Complete the tree diagram, giving your answers in terms of p and ¢ where appropriate.

2

(b) Find an expression, in terms of p and ¢, for the probability that a randomly selected
student chooses water to drink.

(0))

The events “choosing a yegetarian main coursp” and “choosing water to drjnk” are
independent. W‘J \/\r\)‘

N W
(c) Find a linear equation in terms of p and g.

2
A student who has chosen juice to drink is selected at random. The probability that they

) ) .7
chose fish for their main course is %

(d) Find the value of p and the value of g.
)

The canteen manager claims that students who choose water to drink are most likely to
choose a fish main course.

(e) State, showing your working clearly, whether or not the manager’s claim is correct.

3)

N
Leave

blank
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Leave
blank

Question 2 continued

P _Water
(a) /

ue kaow that for tree diaqrams,the probability for each

set of branches must equal to 4
=) P(Veq)= 1- 04 —0.35
=02§
=) we)=l-p

= I-q

=) P(Twice)=1-0.%

4 Meat — Tuice
0- q _—Water
035 rish
T—— Tuice
oM Water
0.25 Vgg
= Tuice

(b) the question is asking for PLM) -
U this tnvolves the branches below:

5
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Leave
blank

Question 2 continued

=) = P(MAW) + PLFAW) +P(VAW)
Ly ¢hese are independent events ;SO can
multiply them
L the plus signs represent ‘or’
z o.u(p) + 0.35(q) + 0.250.4)
=\0.4p +0.35q 10.!

(c) for independent events,
sormula: PV AW) =P(V)xP (W)
reading off the prob.tree diaqram
PlVY=0.25

P(vaw)= 0.1
subbing into above formula.:
0.1=0.25( )
0.1=0.1p+0.08%5q +0.025
=90.1p+0.08350 =0.095

(d) we are asked to find a. conditional probo.bili'lj'
pfeciselllt ple )
Ly formula : P(F‘ﬂ: PLFAT)
PLT)

... for LIEAT):
L see kighlighted.
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Question 2 continued

=) 0.35(1-q)

Leave
blank

=035 -0.35q

for P(T) —4here are tuo umis:

HAY | :uce fact that Vand W
are independent,so Vand W)
Tare independent, hence:

formula: P(TIV)=P(T)
reading off the prob.tree:

} Water

Meat T Tuice

PLTIV)=

=) p(1)z0.6
sub into the conditional probability:
PLFIT)= 0:35-0:35q
Q.6
ue're given that P FIT)E F3g =0.233.
‘:Hgo_-_ 0.35-0.35¢

0.6
=)0.35-0.35¢,=0.I4
=70.35¢20-2|
1505
sub 1ntd (

WAY2:similar ag for P(H)

) Water

P(T) = PINAT) + P(FAT) + P(VAT)
= 04 (1-p)40.35(1-q ) + 0.25(0.€)
=0.4-0.4p+0.35-0.35q +0.15
= O-‘I-O.‘IP-O.‘QSOL
sub into the conditional probability:
PLFIT) = =0.
0-1-0-'!#035
ue're qgiven that PIFIT)=3/35 =0.233.
Hyp= 0.35-0.35q,
0.9-0.%p <0-35q,

_drying to get this int0 o linear equation
in ‘p‘and 'q: :
Hy(0.9-0.4p-0.35¢)=0.35-0.35q

0. - -4 _ -0.
) 2-3ep oy =035 0.35% | @

(Total 13 marks)
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0.1p+0.08359=0.03 5 collect Like terms:

¢l
0.1p 40 08Y5(0 €)= 0635 ot -5 P=so
0.1p=0.0225 solve simultaneously-the above uith

P=0.125
0.1p+0.08359=0.095

Ic! -
200 ~ 5 P=¥5p
on Clagsutd

=) p= 0.225 or o

qQ= 0.6 or ¥s

(@) the manager's claim is another conditional probability-this
time P(F /1)

Bisub into the conditional probability formula.:
ormula: PLEIWY = PLFAW)

P (W)
...for P(FAWY"

O.4p +0.35q+0.!

Sub p=0.225,4=0.6 int0 above

=04 +0.35 +0.]
0.4



sub tnto the cond .prob. formula:
p(FIw) = 02
o.%

= 0.525

now We have to compare this uith:
P(VIW)
L can do this in tHo Hays:

WAY |: PLVIWY= LV IWY=PLY) | WAY 2: P(vId)=P(VaW) /P W)

L, this is true for independent - --for P(vak):
events -uhich is qiven for part (¢):

P _va
Pt\[) - /\J ter

- t T T— uic
=)PLVIW) =025 o~ ke
935 Fish
Vegy
T Tuice
=0.25(0.4)
= 0.
pln):
T0.4
Sub walo the cond.prob.formul a:
0.) -
g1 <-0n.2
—4 0.25
0.25.0.525

;.50 far,manadqer's claim is correct



- p(MIW)
b use conditional probability formula:
{ormula. - P(MIW) = P(MAN)

P(W)
W) -
for P(MAW) : e _water
o\ Meat —— Tuice
) 03T q Water
' Fish
T Juice
ou_— Water
Veg
T Tuice
= 0.bp’
= 0.4/ )
= 0.09
.for PCUY:
0.4
=y p(Miu) = 0-0%
0.4
=0.225
0.2252 0.52§S

:.manager's claim (5 true



Normal Distribution - finding probabilities,

inverse-nhormal,-conditional-probability, ———

independent events
The distance achieved in a long jump competition by students at a school is normally

distributed with mean 3.8 metres and Standard deviation 0.9 metres.
Students who achieve a distance greater than4:3:metres'receive a medal.

(a) Find the proportion of students who receive medals.

(€)

The school wishes to give a certificate of achievement or a medal to the 80% of students
who achieve a distance of at least d metres.

(b) Find the value of d.
3)

: 1 . : )
Of those who received medals, the B who jump the furthest will receive gold medals.

(c) Find the shortest distance, g metres, that must be achieved to receive a gold medal.

“4)

A journalist from the local newspaper interviews a randomly selected group
of 3 medal winners.

(d) Find the exact probability that there is at least one gold medal winner in the group.
3

(o) the question is basically asking us o recoqaise that:
D 3.860.4
and find:
P(D>43)
U Let's visualise this:

|
)7
3543
in order 0 use probability tables weneed +0 standardise:

formula - _’&
i

sub into the above:
P2y 4 '5 3 % )

=p(2v0.5 ss'...) 2~nN(D, )

Leave
blank
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Leave
blank

Question 3 continued
but notice how our prob.tables enly qive results for the +ve
tail and where P(ZL!)- \\ence‘ ue need to find:

pl270.55.)7 | — p(Reost.)

00.55%... 0 0 05S.-

- 0.31123
Ly prob.tables for P(2¢0.56)

= 0.283% =/0.238 (3sf)

NOTE:0n CASID CLASSUIZ you'd use the function,
then have as 4.3

(B\ the question i busir.ullﬂ asking usfor the ’d’ needed for
the following {0 be true:

P(DYd) =0.¢ (inverse normal) |
L illustrate this:

/) AN

d
in order 0 use probability tables weneed 0 standardise

{ormula: i - X—E

&
sub into the above:
P(2Y D%% ) = jg:"’.)
1 ' Ao
D=34

0.9

9



Leave
blank

Question 3 continued
but notice how thisis a round. inteqer probability hence we
should. utilise the % points table inthe formula booklet (whare
probs qiven for P(222)and only for the +ve tail

bhence e can Work out the 2 for
the follouting :

2~N (°| '1)

P(2722)-
,{‘\( 'i husimi )P(ivo.SQlc)zo.z

$rom formula booklet

and neqate it $o qet the vetail 2228 yalue (by symmetry)

DERS . _
: =-0.84l§

% 0.9 x0.9
D-3.8=-0.35344
=)D =3 04256

=3.0%km (3 s}

NOTE:on CASSIO CLASSWIZ use the function

then p= to qet 3.04km
|

(O here ue need 40 recognise that we're looking at @
conditional prokcb\ldw‘,utﬁ\ the being that
the student i-e
hand uere asked for the ghortest distance, o, for a
student to receive a qold medal-prob.of uh.d\ is V3

Lie P(D? )= I3
subbing into the conditional probu.btht-j formula

formula: P ( D?2aNDY ) TP |, for this,always pick H\Q
R 3 stl’tdé r inequalit
A 79)

as Q¥4.

10
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Question 3 continued

=)P(D29) - |/3
%0 2 84? X0. 28??
P(D20)=0.096419...

... illustrate diqgrnmmuﬂcull:l:

-

in order 0 use probability tables weneed +0 standardise

{ormula‘. = x —
L

¢ub into the above.:

P(D7 -39 g‘)-rq 419...
0.9 ) 2 ~N(0,(*)

because the above probability ismt a round inteqer,ue need 4o |

%0 use our prob. tables —these only give results for the +ve
tail and. for results pl2<2) hence ue can work out ¢he following:

ZenN(o,(?)
Plzez)= |-
= 0.90365...
T ! : We use from the prob.tables:
9-3% P(2 £130Y=06.9032 Q3
09

(Total 13 marks)

11



gq'unh'ng above:

=38 =1.30
0.9
x0.9 %0.9
-3.%<L1?
NOTE:on CASSIO CLASSHIZ use the function
then p= to qet 4.9%

Cd.) We know from part (c),that the amount of qold medallist

uwinners is Vs

=) P [not qold wedallist)=1-"/;

=2/

{heve are tuo ways 10 find the prob( qold medallist)

WAY | :using P(no qold)
P( )= 1—=(no qold.)

|-

Libut because there Was a group
of 3 and they are independent
we naed to do:

=1- ()
=1-8)
. l"l[z?_

b

WAY 2 :combinations
let G=qold medallist

.and ue're asked forthe probab ity
o4 qold uinner:

an‘eé\ =lA (2/9(2/3)

Ly and there are 3(| combinations
of the above = 3(Pascal triangle
or calculator)

= 3x 5 (2A)°
= l}/q

RGN

Ly and there are 3(2 combinations
of the above = 3(Pascal triangle
or calculator)

=%x [’/3)2(7'/,33
= I[q

...three:

= ax'/zx'/a



Ly and there arz 3(3 cou;\kiua{ions
»§ the above =) (Pascal triangle

or calculator) 2
(Va) = oz

"”q -l-z'q-l- '/2:', = lq/z:’,



Data Representations - box plots, outliers,

measures of central tendency

4. A group of students took some tests. A teacher is analysing the average mark for each
student. Each student obtained a different average mark.

For these average marks, the lower quartile is 24, the median is 30 and the interquartile
range (IQR) is 10

The three lowest average marks are 8, 10 and 15.5 and the three highest average marks are
45, 52.5 and 56

The teacher defines an outlier to be a value that is either

more than W5 X" IQR"below thelower quartile’or
more than®li5"x" IQR"above the upper quartile

(a) Determine any outliers in these data.

“)
(b) On the grid below draw a box plot for these data, indicating clearly any outliers.
3)
| | | | | | 1
0 10 20 30 40 50 60
Marks
(c) Use the quartiles to describe the skewness of these data.
Give a reason for your answer.
(2)

Two more students also took the tests. Their average marks, which were both less than
45, are added to the data and the box plot redrawn.

The median and the upper quartile are the same but the lower quartile is now 26

(d) Redraw the box plot on the grid below.
3

0 10 20 30 40 50 60
Marks

(e) Give ranges of values within which each of these students’ average marks must lie.

()

N
Leave

blank
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Leave
blank

Question 4 continued

a\we're checking if any of 8,10,15.545 §2.5 56 can be
outliers
..qiven that an outlier=0 -1.5( )
=2w-1§
=9
;. we can See that 10 is an outlier

outlier = @y+15( - )
(

=Q3-
Sub into above
Q= ¢

=%

=3b+1$
=49
- viecan see that $2.5 56 am outliers

8,92.5‘ and S6 are outliers

(b) remembering the features of a.box plot:
outliers— % [mark uith a cross)
* lower value - [0
“louer quardile -
- medidn —
- upper quortile-34%
- upplr value - 45

‘outliers- .

— T

T T T T T T 1
0 10 20 30 40 50 60

Marks

Turn over for spare grids if you need to redraw your answer for part (b) or part (d).

13
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Leave
blank

Question 4 continued

(€) we know that,when evaluating the skeuness of data.:
f @,-0,2Q,-0, then -vely skewed
-if Q-0 LQ,-0,,then +vely skeued

here, 30-24=6234%-30=4
~ =vely skewed.

(d) remembering the features of abox plot:
if we're given a ythen we need 10 recaleulate the

and the lowest values
= 34~
eu
=8
) new (Subbing into the given -formulo.e):
—I.S( nevh

= : 8,10(e14) and. §2.5,5¢

-outliers= 3,10 (mark uith a cross)
* lower value - |5 §

“touer quartile -

- medidn —

- upper quortile-3 4%

-upper value - 45

‘outliers- .

|
B |

| Sy 2R
g
30

T T T T T 1
0 10 20 40 50 60

le) if the @, has chanqed. then this means both values have had

{0 have heen above the prev.2 but below orat G, Since the
has remained unchanged

’ R A A0 O 0
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Question 4 continued

=) .6 £ averaqet 10

if @, has remained unchanged. then the averaqe must

be eitherat the &, or higher (but below $he upper value)
D 34 Zaverage 45|

Only use these grids if you need to redraw your answer for part (b) or part (d).

Copy of grid for part (b)

0 10 20 30 40 50 60
Marks

Copy of grid for part (d)

Marks

(Total 14 marks)

Leave )
blank
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Data calculations - regression line, covariance,

product moment correlation, extrapolation

A large company rents shops in different parts of the country. A random sample of
10 shops was taken and the floor area, x in 10m?, and the annual rent, y in thousands of
dollars, were recorded.

The data are summarised by the following statistics

Dx=900 Y x*=84818 D y=183 ) > =3434
and the regression line of y on x has equation'y = 6.066 + 0.136x

(a) Use the regression line to estimate the annual rent in dollars for a shop with a floor
area of 800 m?

(2)
(b) Find Syy and S _

3)
(¢) Find the product moment correlation coefficient between y and x.

“)

An 11th shop is added to the sample. The floor area is'900m? and the annual rent is
15000 dollars.

(d) Use the formula S = Z(x —X)(y — ) to show that the value of S, for the 11 shops
will be the same as it was for the original 10 shops.

2

(e) Find the new equation of the regression line-of y-on x for the 11 shops.

(©))
The company is considering renting a larger shop with area of 3000 m?

(f) Comment on the suitability of using the new regression line to estimate the annual
rent. Give a reason for your answer.

0y

() the question is basically asking us 10 sub =300 into the
given regression line — however careful of the units -we're
given the area in 10§ - Sub in x=80:

y'=6.066+0.136(80)
= 16.946 thousand.s of dollars

[= 316,946\

(b) Syqy ts the covariance between the y variable
L 5
formula: S,“-‘i"‘— (_2‘4)_

N
Leave

blank
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Question 5 continued

Sub (ato the above: .
51": ¥y - (@

= 85.1|

5., tsthe tovariance betueen. the x variable

formula: Sg{ix.z u_x)_

Sub into the above: .
—Syxegysie = Q0

=388 \ S\

(A nou ue're asked {or the PMCL beiucen Y. gngl.gc {lns

‘measures the strength and type of celationship be{-ueen.
~ the uo variables

—  Jormula. = Sxt! - 5 part (@) —

‘w

_however,ue don't have S . 3
- ~ ue can use the fact that: -

_the reqression coeff. of yonx is bs S:t.g yfor yzatbe

D Ssx
sub into the above:
0.136 = 2X4
®33(8 3818 x3818

=) Sx\j = SH.Z"I'%

sub badk into the PM(C formula

f fl(ws)(ss. )

blank

N
Leave

J
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Question 5 continued

Leave
blank

= 0.910944%...
= 0.911(3 s.4)

(d) sub =90 (remembefinq the 105 umts)and

(rcmembering the thousands units) into the qiven formula
for S,

formuta: S.I: < E(X'i)t‘ri)

the new x = + %
+|
= +90
U
T 999/,
= 90
$o just from the first (x-X)

this term is O - the Ilth shop makes
no difference to S,

(e) we are trying to find a reqgression Line intheform y=a+bx
where :

formula. b = S"_ no change 10 either of
Sy § these :b is thesame =0.136
> B (as qiveninq)
at Y-bx |
where y= 2_3:._'
< 193+
il
< 18

$ub iatd formula. for “a':

o= 18 ~(0.136)(90)
= §.36

=Y [Y=6.96+0.136

P 6 5 7 6 1 A 0 1 8 2 4

18
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DO NOTWRITEIN THIS AREA

Question 5 continued

(f)ve knou that our range for the linar reqression line
above 15 02> 290 (the 11thshop)
% %X =300 (remembering the 105 umts)
i$ beyond. this range :inappropriate
as would be ex{rqpblutiv\s

(Total 15 marks)

N
Leave

blank
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Probability Distributions- expectations, variance,

N
discrete uniform distribution, normal distribution Ele:zlf
6. The random variable 4 represents the score when a spinner is spun. The (probability
distribution for A4 is given in the following table.
a 1 4 5 7
P(4=a)| 040 0.20 0.25 0.15
(a) Show that E(4) = 3.5
(2)
(b) Find Var(A)
3)
The random variable B represents the score on a 4-sided die. The probability distribution
for B is given in the following table where £ is a positive integer.
b 1 3 4 |k
- P(B=b) 0.25 0.25 0.25 ! 0.25
(c) Write down the name of the probability distribution of B.
()]
(d) Given that E(B) = E(4) state, giving a reason, the value of £.
Oy
The random variable X ~ N(u, ¢2)
Sam and Tim are playing a game with the spinner and the die.
They each spin the spinner once to obtain their value of 4 and each roll the die once to
obtain their value of B.
Their value of 4 is taken as their value of 4 and their value of B is taken as their value of o.
The person with the larger value of P(X > 3.5) is the winner.
(e) Given that Sam obtained values of a =4 and b =3 and Tim obtained b =4
find, giving a reason, the probability that Tim wins.
()
(f) Find the largest value of P(X > 3.5) achievable in this game.
(C))
(g) Find the probability of achieving this value.
2
20
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Question 6 continued

(a)we're qiven in the formulo bookiet that:
formula: E(A) s 2ﬂ' P(A':GJ

bi.e multiply each o uith its probability and find its sum
£lAY = Ho9Y+ 4(0-20)+ § (0:25) + 3(0:15)
< 3.6

(bYwe're given in the formula bookiet that:
formula : Vul’[ ): 2&.‘”’( =°.) - 'lvz
Lythis is

...ue need todo o’ P(A=0):

= (to 1)+ (uffe. 2 01EN0 .2 SN 10.15)

= |3.2

sub into the variance formula.:
Var(A)= 13.2 - (3.5)

k:_‘l:._q 5 )

() we can see that we are given the prob.distribution for

the discrete ‘n the form of o table

uith the ‘o’ reprcsen*ing gptions for the va o A totake
and the ‘PLA=a) the likelihood of Qach option to be taken

Libecause the P(A=a)s are all equal-ue're looking
at a[discrete uniform distribution |

(dYbecause this iS5 a 1 mark quSl'ibn, best not t0 waste time
finding E(") -notice the symmetry in the prob. distributio
+H 42

NN

3 4 k

+2
1./'\‘

P(B = b) 0.25 0.25 0.25 0.25

= k=6

—_

Leave )
blank

P 6 5 7 6 1 A 0 2 1 2 4

21

Turn over




Leave
blank

Question 6 continued

(e)
because were given more info on Snm lats ¢irst try to
gind her P(73.5)
for Sam, ) 2
and ue need P(23.5)
| |
(]
{
3.5
let's standardise to use the probability tables:

= XN

sub tnto the above:
pP(273.5- )

< P(I"'[ﬁ)

this therefore implies that
for Tim ( ) to win, his
¢tandardised.:

pley 8= > p(22% 1)

(i-eto the Left

= A2 Vgl o -te)

n
xb x4
3.5-;1.4-2/3

=) MY 25/‘

S M 4.166...
.e a2

loo\(mg at our table -this 1S
) and. P(A=3)

P 6 5 7 6 1 A 0 2 2 2 4

22
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Question 6 continued

a 1 4 ’? 5 75 N
P(A=a)| 040 0.20 S 0.25 015

“p(Tim wing)= +0.15
‘:O.'-H

(f) in order to qet the largest possible value of P(X? 3.5‘)} ue
need to ¥hink of the best possible combe of u,50
and 50 = outof:

| ™ | -
P(4 = a) 0.40 0.20 ‘ 0.25 0.15 :
and.
from part td)
2 . o
R ‘ 18 &P I i s ( 4 |
'—P(B =b) ( D | 025 ‘ 0.25 0.25

COﬂSl:d.Cﬂ:ﬂﬂ the Shnd.qrdi!ing formu[q,
2= XoN } ve want the most

-ve = to get the biggast PLx?3.5)

~ Mbiggest and g o uest

3

we want P(X?3.5)

353

standardize to use the Probalniliig tables:

blank

N
Leave

J

P 6 5 7 6 1 A 0 2 3 2 4
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Question 6 continued

2= X-N

sub into the above:
p(273.5-7 )

<= P(29-3.5)
2""“‘0"’)

~3.5

but the formula booklet only qives us values for P(272) and the
+ve tail

~let's use pL2»-3.5)= P(223.5)

because of
-/]\ /4’\ Sjmmai-rj

"’O 9998 \

NOTE :could've used on ¢alc,and have had the
4% -3.5 from prob.distib fable

(9) now asked for the prob.of a=? (0.15) or (0.25)
uthese are independent socan multiply

=)0.18x0.25

=0.03‘45S

(Total 15 marks)

blank

Q6

TOTAL FOR PAPER: 7S MARKS
END

N
Leave
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